Introduction
The " universe of discourse " of the present paper is the class of all welldefined systems ( K, R ) where K is any class of elements A, B, C, ■ • ■, and R is any triadic relation. The notation R[ABC], or simply ABC, indicates that three given elements A, B, C, in the order stated, satisfy the relation R.
Examples of such systems (K, R) are the following, of which example (a) is the most important:
(a) K is the class of points on a line; AXB means that the point X lies between the points A and B.
(b) K is the class of natural numbers; AXB means that the number X is the product of the numbers A and B.
(c) K is the class of human beings; AXB means that X is a descendant of A and an ancestor of B.
(d) K is the class of points on the circumference of a circle; AXB means that the arc A-X-B is less than 1803.
(e) K is a class comprising four elements, namely, the numbers 2,6, -6, and 648; AXB means Xi = A X B.
It is obvious that these systems, and others like them, will possess a great variety of properties expressible in terms of the fundamental variables K and R. The object of this paper is to state clearly the characteristic properties of the type of system represented by example (a) above, by which this type of system is distinguished from all other possible systems ( K, R ).
In Section 1, we give a basic list of twelve postulates, due essentially to Pasch,f from which various sets of independent postulates will later be selected.
These postulates are all " general laws " as distinguished from " existence postulates," and include, in fact, all the possible general laws of linear order concerning not more than four elements.
In Sections 2 and 3 we give an exhaustive discussion of all the possible ways in which any one of these basic postulates can be deduced from any others of the list, and in Section 4, we give an exhaustive list of all the distinct sets of independent postulates (eleven in number) which can be selected from the basic list.* Any one of these sets of independent postulates may be used, as in Section 5, to define the type of system (K, R) which we are considering-that is, to define the relation of betweenness.
The existence postulates which might be imposed, in addition to the general laws, would serve to distinguish the various sub-types which are included within the general type of system (K, R) here considered.
These existence postulates, such as the postulates of discreteness, density, continuity, etc., are already well known, and will not be discussed further in the present paper.t
Basic list of twelve postulates
In this section we give the basic list of twelve postulates from which various sets of independent postulates will later be selected.
The first four postulates, A-D, concern three elements.
Postulate A. AXB . D. BXA.
That is, if AXB is true, then BXA is true. In other words, in the notation ABC, an interchange of the terminal elements is always allowable.
That is, if A, X, Y, are distinct, we cannot have AX Y and AYX both true at the same time.
From Postulates A and C it follows that if A, B, C are distinct elements, then not more than one of the three elements can occupy the middle position in a true triad.
From Postulates A, B, and C, together, it follows that if A, B, and C are distinct elements, then one and only one of the triads ABC, BCA, CAB will be true. The eight Postulates 1-8 (together with the analogous postulates obtained from these by the aid of Postulate A alone) include all the possible " general laws " of betweenness concerning four distinct elements. For, if we think of A and B as two given points on a line, the hypotheses of these postulates state all the possible relations in which two other distinct points X and Y of the line can stand in regard to A and B. (See, however, the Appendix.)
We shall see later that no further general laws-that is, no general laws concerning more than four distinct elements-need be assumed as fundamental.
(Existence postulates, which play a very different rôle from the general laws, are not here considered.)
Theorems on deducibility
In this section we take up all the cases in which the following question is to be answered in the affirmative:
Given, any subset S of the twelve postulates of our basic list, and any postulate P of the list, not belonging to S; is P deducible from Sf
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The answers are comprised in the following 71 theorems. In the proofs of these theorems, all the steps are given explicitly, except those depending only on Postulate A. Moreover, in case any postulate (except Postulate A) is used more than once in a proof, the frequency of its use is indicated by an exponent; this latter information, however, is added merely as a matter of possible interest to the reader, and the omission of the exponents would not affect the conclusions of the paper in any way.* A summary of the theorems will be found at the end of § 2.
Proofs of postulate 1
Theorem la. Proof of 1 from A, B, C3, 2, 4. The results of these 71 theorems may be conveniently summarized in the following table. In this table, the numbers in the last column indicate the sets of independent postulates, if any (see § 4), in connection with which each theorem is available. In this section we show that the question proposed at the beginning of § 2 must always be answered in the negative, except in the cases covered by the 71 theorems just established.
That is, we show that no one of the twelve postulates of our basic list is deducible from any others of the list, except in the cases covered by our 71 theorems. In the first four examples, A-D, the class K consists of three elements. Example A. Let K = a class of three numbers, say 1, 2, 3, and let XYZ be true in the cases 123, 231, and false in all other cases.
Here 123 is true, while 321 is false, so that Postulate A is not satisfied. C is satisfied vacuously, since the conditions mentioned in the hypothesis do not occur. B and D hold. The properties possessed by these 44 systems are conveniently exhibited in Table II , in which a dot (. ) indicates that a postulate is satisfied, while a cross ( X ) indicates that it is not satisfied. By comparing these lemmas with the theorems in § 2, we can now establish the following theorem of non-deducibility:
Theorem.
No one of the twelve postulates of our basic list is deducible from any others of the list, except in the cases covered by our 71 theorems.
For example, consider the case of Postulate 3. By Lemmas 3'a-3'f, we see that Postulate 3 can certainly not be proved without the use of at least one postulate from each of the following groups: 1, 2; B, 2; B, 1, 6, 8; C, 2; C, 1; A; hence the following combinations are the only ones which need to be investigated: A, 1, 2; A, B, C, 1; A, B, C, 2; A, C, 2, 6; A, C, 2, 8. But by reference to Theorems 3a-3e we see that each one of these combinations is in fact sufficient to prove Postulate 3.
The truth of the theorem for each of the other cases is established in a similar way.
Eleven sets of independent postulates
We are now in position to select from our basic list of twelve postulates, several smaller lists which are free from redundancies.
An examination of our results in regard to deducibility shows that this selection can be made in precisely eleven ways; that is, there are precisely eleven sets of independent postulates which can be selected from our basic list. That the postulates of each set are sufficient to establish the entire list of twelve postulates is proved by our theorems on deducibility; in fact, in several cases the missing postulates can be deduced from the given postulates in more than one way. Table I , at the end of § 2, will show clearly all the possible ways in which the missing postulates in each set can be deduced from the given postulates of that set.
It will be noticed that certain theorems are not directly available in any of the eleven sets, since no one of the sets contains explicitly the postulates used in the proof of these theorems.
A comparison of the merits of the eleven sets of postulates by the aid of Table I , while perhaps not convincing in the present state of our knowledge of the standards to which such sets of postulates should conform, would at any rate be of some interest.
For example, if our aim is to find the set which shall be the most condensed, and from which the remaining postulates can be most readily deduced, we should select Set 1. If, on the other hand, our aim is to analyze the postulates down to their lowest terms, that is, to find a set from which the necessary deductions can just barely be made, we should then probably select Set 10. It is quite possible, of course, that some other considerations (not now clear) might lead us to select some other of the eleven sets as preferable for some purpose then in view.
In any case, it is satisfactory to know that these eleven sets are the only sets of independent postulates which can be selected from the basic list of twelve postulates from which we started.
Moreover, this basic list of twelve postulates must always occupy a central place in any theory of betweenness.
For, as we have already pointed out, this set contains all the general laws concerning the betweenness relations among three or four elements; and even if further propositions concerning five or more distinct elements should be added to the list, no one of the basic list of twelve could thereby be made redundant.
To prove this fact, we have merely to notice that the system exhibited in each of the examples used above in proving independence contains at most four elements, and would therefore satisfy vacuously any proposition involving five or more distinct elements.
Definition of betweenness
The following definition of betweenness may now be formulated: Definition.
Any system (K, R) in which the class K and the triadic relation R are found to possess all the properties demanded by any one of [July our sets of independent postulates (see § 4) may be called an ordered class or series, and the relation R itself may then be called the relation of betweenness.
The most familiar example of such an ordered class or series is the system (K, R) in which K is the class of points on a line, and AXB means that the point Z belongs to the interior of the segment AB.
Another example is the system (K, R) in which K is the class of natural numbers and AXB means that the number Z is larger than the smaller of the two numbers A and B, and smaller than the larger one.
In each of these examples we say that X is " between " A and B.
The relation between the theory of betweenness and the theory of serial order may be expressed as follows.
Let A and P be any two distinct elements of a " betweenness " system, and let Z and F be any other distinct elements of the system. But each of the postulates in the second column is immediately obtainable from the postulate standing opposite it in the first column, without the use of any other postulate, so that the list of 24 is at once reducible to 15.
Furthermore, any two of the 24 postulates which bear the same number are deducible from each other by the aid of Postulate A alone. Hence the list of 24 reduces to 8, which may be selected in various ways; all these selections are equivalent in view of Postulate A; the Postulates 1-8 of the text represent one such selection.
On the other hand, if we agree to read either forward or backward along the line, the list of 24 would have to be greatly enlarged, so as to include, for example, such postulates as X^4P . FP^4 .3-Y AX.
All such postulates are immediately deducible from Postulates 1-8 by the aid of Postulate A, and are not here considered. It should be noted, however, that if it were desired to give a complete discussion of what could be proved without the aid of Postulate A, it would be necessary to consider the whole of the enlarged list, and also to modify slightly the wording of Postulate C.
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